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Abstract
It is shown that there is a compact set X ⊂ [0,1] with dimH X = 1 on which all doubling measures are
purely atomic. It is also shown that there is a compact set X ⊂ [0,1] with a dense set of isolated points and
dimH X = 0 on which no doubling measures are purely atomic.
© 2006 Elsevier Inc. All rights reserved.
Keywords: Doubling measure; Doubling space; Hausdorff dimension; Cantor set
1. Introduction and main results
Let μ be a Borel measure on a metric space X. Let E be a Borel subset of X. We say that μ
is supported by the set E if μ(E) = μ(X). We say that μ is purely atomic if μ is supported by a
countable subset of X.
A metric space X is called doubling if there is a constant N such that each B(x,2r) in X
contains at most N points with mutual distances at least r , here and below B(x, r) denotes the
closed ball of radius r centered at x. From the definition, any nonempty subspace of a doubling
space is doubling.
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that
0 < μ
(
B(x,2r)
)
 cμ
(
B(x, r)
)
< ∞
for all x ∈ X and r > 0.
For a doubling measure μ on a metric space X a simple fact is that μ({x}) = 0 if and only if
x is an accumulation point of X (see [2, Lemma 2]).
From the definitions of doubling space and doubling measure, it is easy to see that every metric
space carrying doubling measures is doubling. However, it does not hold that every doubling
metric space carries doubling measures. The space Q of rational numbers, as a subspace of R, is
doubling, but, because it is countable and each of its points is an accumulation point, it carries
no doubling measure by the simple fact mentioned above.
The question, what additional condition can ensure that a doubling metric space carries a
doubling measure, has been investigated by Vol’berg and Konyagin [5] and Luukkainen and
Saksman [3]. From these two papers one knows that every complete doubling metric space carries
a doubling measure. Some interesting results on nonexistence of doubling measures have been
obtained by Saksman [4].
Wu [6] proved that for every compact doubling metric space X and for every positive num-
ber α there are a doubling measure μ on X and a subset E of X such that
μ(E) = μ(X) and Hα(E) = 0,
where Hα is the α-dimensional Hausdorff measure. For the definitions and the properties of
Hausdorff measure and dimension we refer to Falconer [1].
It is natural to ask whether every compact doubling metric space carries a doubling measure
which is supported by a set of Hausdorff dimension zero. The answer to this question is generally
negative. In fact, the unit interval [0,1] does not carry such a doubling measure. But, on the other
hand, compact doubling metric spaces of positive Hausdorff dimension carrying such a doubling
measure do exist. An example of Kaufman and Wu [2] is as follows:
Let E be the Cantor ternary set in the interval [0,1] and F the set of middle points of com-
ponent intervals of [0,1] \ E. Obviously, F is countable and dense in the compact set E ∪ F ;
F consists of isolated points of E ∪ F ; and, of course, E ∪ F has Hausdorff dimension
0 < dimH E ∪ F = log 2log 3 < 1.
Kaufman and Wu [2] showed that every doubling measure μ on the set E ∪F is supported by F ,
which certainly has Hausdorff dimension zero.
More generally, for each α ∈ (0,1) one can construct by a similar way a compact subset
Xα ⊂ [0,1] of Hausdorff dimension α such that all doubling measures on Xα are purely atomic.
Wu [6] claimed without proof the following theorem, for which we shall supply a proof in
Section 2.
Theorem 1. There is a compact set X ⊂ [0,1] with dimH X = 1 such that all doubling measures
on X are purely atomic.
Question. Is there a compact set X ⊂ [0,1] of positive Lebesgue measure on which all doubling
measures are purely atomic?
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there a compact set X ⊂ [0,1] with a dense set of isolated points and dimH X = 0 on which no
doubling measures are purely atomic? The answer to this question is positive. We will prove the
following theorem in Section 3.
Theorem 2. There is a compact set X ⊂ [0,1] with a dense set of isolated points and dimH X = 0
on which no doubling measures are purely atomic.
Starting with the Cantor ternary set E, Kaufman and Wu [2] have constructed a compact set
X ⊂ [0,1] with a dense set of isolated points on which no doubling measures are purely atomic,
where
dimH X = log 2log 3 .
Some ideas of [2] are adapted in the proof of Theorem 2.
2. Proof of Theorem 1
We must construct a compact set X of Hausdorff dimension 1 such that all doubling measures
on X are purely atomic.
Step 1. We construct a compact set X ⊂ [0,1] such that dimH X = 1.
For every integer n 1 let Cn be a Cantor set in [0,1] defined as follows: Cn is the intersection
of a sequence of nested compact sets {Kn,k}∞k=0, where Kn,0 = [0,1] and Kn,k is inductively ob-
tained by deleting an open interval of length |I |2n+1 from the middle of every component interval I
of Kn,k−1. Here |I | denotes the length of the interval I .
By the construction, for each k the set Kn,k consists of 2k closed intervals; each of which has
length ln,k = ( n2n+1 )k.
Let Fn,k be the set of the centers of component intervals of Kk . Then
Cn ⊂
⋃
x∈Fn,k
B
(
x,
ln,k
2
)
and Cn ∩
⋃
x∈Fn,k
B
(
x,
ln,k
6n + 6
)
= ∅. (1)
Let Fn =⋃∞k=0 Fn,k . Then Cn ∪ Fn is a compact set in which Fn is countable and dense. The
set of isolated points of Cn ∪ Fn is Fn. In addition,
dimH Cn ∪ Fn = dimH Cn = log 2log 2n+1
n
.
Let fn : [0,1] → Jn be a similarity mapping defined by
fn(x) = λnx + τn,
where
Jn = [τn, λn + τn], λn = 1
(2n − 1)!! , τn =
n−1∑ i
(2i + 1)!! .i=1
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∞⋂
n=1
Jn = 12 .
Let
En = fn(Cn), Sn,k = fn(Fn,k) and Sn = fn(Fn). (2)
Then, in view of (1), En is a Cantor set on the interval Jn and satisfies
En ⊂
⋃
x∈Sn,k
B
(
x,
λnln,k
2
)
and En ∩
⋃
x∈Sn,k
B
(
x,
λnln,k
6n + 6
)
= ∅. (3)
Now let
X =
∞⋃
n=1
En ∪ Sn.
According to the construction, it is clear that X is a compact subset of [0,1] and the set of its
isolated points is
⋃∞
n=1 Sn \ { 12 }. Since
dimH En ∪ Sn = dimH Cn ∪ Fn → 1 as n → ∞,
one immediately has dimH X = 1 by the stability of Hausdorff dimension. Note from the second
relation of (3) that
X ∩ B
(
x,
λnln,k
6n + 6
)
= {x} (4)
for every k  1 and for every x ∈ Sn,k .
Step 2. We prove that all doubling measures on X are purely atomic.
Let μ be a c-doubling measure on X. One has μ{ 12 } = 0 because 12 is an accumulation point
of X. To show μ is purely atomic, i.e. to show μ is supported by
⋃∞
n=1 Sn \ { 12 }, it is sufficient
to prove μ(En) = 0 for any n.
Fixed an n, let jn be the smallest integer so that 2jn  3n+ 3. It follows from (3) and (4) that
μ(En)
∑
x∈Sn,k
μ
(
B
(
x,
λnln,k
2
))
 cjn
∑
x∈Sn,k
μ
(
B
(
x,
λnln,k
6n + 6
))
= cjnμ(Sn,k) (5)
holds for any k  1. Since
∞∑
k=1
μ(Sn,k) μ(Sn) μ(X) < ∞,
we have limk→∞ μ(Sn,k) = 0 which, combined with (5), yields μ(En) = 0.
3. Proof of Theorem 2
We must construct a compact set X with a dense set of isolated points and of Hausdorff
dimension zero such that no doubling measures on X are purely atomic.
M. Lou et al. / J. Math. Anal. Appl. 333 (2007) 1111–1118 1115We first construct a Cantor set E in the interval [0,1] of Hausdorff dimension zero as follows:
E is the intersection of a sequence of nested compact sets {Kk}∞k=0, where K0 = [0,1] and Kk
is inductively obtained by deleting an open interval of length k|I |
k+1 from the middle of every
component interval I of Kk−1.
From the construction the set Kk consists of 2k closed intervals of the same length
lk = 2
−k
(k + 1)! . (6)
Next we prove
dimH E = 0.
Let s ∈ (0,1) be given. For every integer k  0 the 2k component intervals of Kk form a natural
lk-covering of E. It follows that
Hslk (E) 2klsk =
2k(1−s)
((k + 1)!)s ,
which yields Hs(E) = 0 by letting k → ∞, and hence dimH E  s. Since s ∈ (0,1) is arbitrary
we immediately have dimH E = 0. Here the definitions in [1] are used.
The desired compact set X consists of the set E and a countable set F which is constructed as
follows: For each k  1 let {Ik,j }2k−1j=1 be the intervals deleted from Kk−1 when Kk is constructed.
We arrange them in ascending order with respect to j . It is easy to see that these intervals have
the same length
|Ik,j | = klk−1
k + 1 (7)
and that
[0,1] \ E =
∞⋃
k=1
2k−1⋃
j=1
Ik,j .
Let {βk}∞k=1 be a sequence of numbers in the interval (0, 13 ). Fixed a k  1, for each j : 1 
j  2k−1, we exactly have two points ak,j and bk,j in Ik,j , with ak,j > bk,j , satisfying
d(ak,j ,E) = d(bk,j ,E) = βklk. (8)
Let
Fk =
2k−1⋃
j=1
{ak,j , bk,j } (9)
and let
F =
∞⋃
k=1
Fk. (10)
Then Fk ⊂⋃2k−1j=1 Ik,j and F is countable and lies in [0,1] \ E.
Now let X = E ∪ F . Clearly, X is compact, F is the set of isolated points of X and is dense
in X, and the Hausdorff dimension of X is 0.
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the construction of F need be carefully chosen. We choose {βk}∞k=1 so that
1
12(k + 1) log
1
3βk
 4 and
∞∑
k=1
(
1
k + 1 log
1
3βk
)−1/2
< ∞. (11)
This is workable, for example, the sequence {1/3e48(k4+k3)}∞k=1 meets the requirements.
With such a choice of {βk}∞k=1, we are going to show that no doubling measures on X are
purely atomic.
Let {Jk,j }2kj=1 denote the 2k component intervals of Kk , arranged in ascending order with
respect to j . Then Kk =⋃2kj=1 Jk,j . Given k  1, recall that deleting the intervals {Ik,j }2k−1j=1 from
Kk−1 yields the set Kk . We see that
Jk−1,j = Jk,2j−1 ∪ Ik,j ∪ Jk,2j , 1 j  2k−1. (12)
Then, by the choices of points ak,j and bk,j , in view of (8), it follows that
d(ak,j ,E) = d(ak,j , Jk,2j ) = d(bk,j ,E) = d(bk,j , Jk,2j−1) = βklk. (13)
Moreover, by the construction of the set F , in view of (9) and (10), it follows that
2k⋃
j=1
Jk,j ∩ F =
∞⋃
n=k+1
Fn. (14)
We claim that if μ is a purely atomic doubling measure on X, then there exists a constant
c∗ > 0 depending only on μ such that
μ(Jk,2j ∩ F) c∗ξkμ
({ak,j }) (15)
and
μ(Jk,2j−1 ∩ F) c∗ξkμ
({bk,j }) (16)
for any integer j : 1 j  2k−1, where
ξk =
(
1
k + 1 log
1
3βk
)1/2
. (17)
We now prove this claim. Recall that the length of the interval Jk,j is lk . In view of (6),
lk−1 = 2(k + 1)lk , and then using (7) yields |Ik,j | = 2klk . This fact implies that the distance
between two given component intervals of Kk is an integral multiple of lk . Therefore, given a
pair k, j of integers with k  1 and 1 j  2k−1, there is an integer pk,j depending only on k
and j such that
Jk,2j =
[
pk,j lk, (pk,j + 1)lk
]
,
and thus, by (12) and (13),
ak,j = pk,j lk − βklk.
For each integer q > 0 let xk,j,q = pk,j lk + lk+2q . Clearly, xk,j,q ∈ E. Set
Bk,j,q = B
(
xk,j,q ,
k + 2
lk+2q
)
.k + 3
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the inequality
βklk <
k + 1
k + 3 lk+2q (18)
then ak,j ∈ 2Bk,j,q , where 2Bk,j,q denotes the interval B(xk,j,q , 2(k+2)k+3 lk+2q). In particular, the
inequality
μ
({ak,j }) μ(2Bk,j,q) cμ(Bk,j,q ∩ F) (19)
holds when μ is a purely atomic doubling measure on X with the constant c > 0.
Let us analyze the set {q: βklk < k+1k+3 lk+2q}. Note from (6) that
lk = 22q(k + 2)(k + 3) · · · (k + 2q + 1)lk+2q 
(
6q(k + 1))2q lk+2q
and that k+1
k+3 
1
3 . Then{
q:
(
6q(k + 1))2qβk < 13
}
⊂
{
q: βklk <
k + 1
k + 3 lk+2q
}
,
from which it follows that
{q: q < ξk} ⊂
{
q: βklk <
k + 1
k + 3 lk+2q
}
since logx < x for x ∈ (3,∞), where ξk is defined as (17).
Since {Bk,j,q}∞q=1 are disjoint and lie in Jk,2j , summing (19) over q: 1 q < ξk , we get from
the first assumption of (11)
(
2c
√
12
)−1
ξkμ
({ak,j }) ∞∑
q=1
μ(Bk,j,q ∩ F) μ(Jk,2j ∩ F).
This proves the inequality (15) with the constant c∗ = (2c√12 )−1. Similarly, we have the in-
equality (16) with the same constant. The claim is proved.
Now it follows from (9), (14)–(16) that
μ
( ∞⋃
n=k+1
Fn
)
 c∗ξkμ(Fk),
which yields
μ
( ∞⋃
n=k+1
Fn
)
 c
∗ξk
1 + c∗ξk μ
( ∞⋃
n=k
Fn
)
because μ(Fk) = μ(⋃∞n=k Fn) − μ(⋃∞n=k+1 Fn). By an induction we get
μ
( ∞⋃
n=k+1
Fn
)

k∏
n=1
c∗ξn
1 + c∗ξn μ(F ).
Since X is compact and μ is doubling on X we have μ(X) < ∞, and so
lim
k→∞μ
( ∞⋃
Fn
)
= 0.n=k+1
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∞∏
k=1
c∗ξk
1 + c∗ξk = 0 or
∞∏
k=1
(
1 + 1
c∗ξk
)
= ∞.
Therefore
∞∑
k=1
log
(
1 + 1
c∗ξk
)
= ∞,
and thus
∑∞
k=1 ξ
−1
k = ∞, which contradicts the second assumption of (11). This proves that no
doubling measures on X can be purely atomic and thus completes the proof.
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